
 1 

Supplement 
Model structure. Six major compartments in the model depicted in Figures 2a and 2b (main text) reflect 
the natural history of tuberculosis and host HIV status (a superscript ‘+’ in all notation below indicates a 
state or a parameter that corresponds to a host with HIV infection): 

• 

€ 

S and 

€ 

S+  – Susceptible to infection by M. tuberculosis; 
• 

€ 

L  and 

€ 

L+  – Latently infected with M. tuberculosis; 
• 

€ 

I  and 

€ 

I +  – Active disease with M. tuberculosis. 

Several of these compartments are further subdivided to reflect: 1) additional details about the drug-
resistance and fitness of the M. tuberculosis strain with which individuals may be infected and 2) risk of 
infection with HIV. First, for those with latent infection or disease with TB, we classify all the TB strains 
according to their number of anti-TB drugs to which the strain is resistant (n) and number of 
compensation events (k ≤ n): 

 

€ 

L ≡ Ln ,k
n ,k
∑

L+ ≡ Ln ,k
+

n ,k
∑

I ≡ In ,k
n ,k
∑

I + ≡ In ,k
+

n ,k
∑

 . (S1) 

The mycobacterial state (n,k) may change as a result of two events: 1) inadequate treatment may result in 
selection of mycobacteria with additional resistance which leads to an increase in n and a subsequent 
reduction in fitness in the absence of drug treatment; or 2) sporadic mutation may occur that compensates 
for a fraction of the fitness cost associated with resistance which leads to an increase in k: 

 

€ 

n,k( ) → n +1,k( )         acquisition  of  DR

n,k( ) → n,k +1( )         compensation;  k < n
 . (S2) 

Second, we assume that only a fraction of the population is at risk of HIV infection. This is modeled by 
placing a fixed proportion of individuals born into the model into a part of the model where they do not 
experience an HIV force of infection. This approach is used in other simple models of HIV [71] and 
allows for the model to fit observed data for both the timing of rapid emergence of HIV and levels of 
endemic HIV prevalence. The cost of this assumption is that the fractions of HIV-susceptible among TB-
susceptibles (

€ 

vS ∈ 0,1( ) ) and latently infected (

€ 

vn ,k ∈ 0,1( )) have to be considered as variables, increasing 
the total number of differential equations. For simplicity, we do not allow the individuals with active TB 
to be infected by HIV; this has minimal effects as TB disease is rare and thus the relative size of this 
compartment is very small. 
 
The full set of dynamic equations is presented below and Table S1 provides the full list of the parameters 
with descriptions and ranges used in the sensitivity/uncertainty analyses. 



 2 

 € 

d
dt S = µ − µ + λn ,k

n ,k
∑ + vSλ

h
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ S

d
dt vS = z − vS( ) µ S − vS 1− vS( )λh

d
dt S

+ = vSλ
hS − µ+ + λn ,k

n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ S+

d
dt Ln ,k = 1− pn ,k( )λn ,kS + h + 1− qn( )γ( )In ,k − µ + π n ,k + vn ,kλ

h +ε pn ,kλn ,k
n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ Ln ,k

d
dt vn ,k = 1− pn ,k( ) vS − vn ,k( )λn ,k S Ln ,k − vn ,k 1− vn ,k( )λh

d
dt Ln ,k

+ = vn ,kλ
hLn ,k + 1− p f

+( )λn ,kS
+ + h+ + 1− qn( )γ +( )In ,k

+ − µ+ + π n ,k
+ +ε+ pn ,k

+ λn ,k
n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ Ln ,k

+

d
dt I n ,k = pn ,kλn ,kS + π n ,kLn ,k +εpn ,kλn ,kL − µT + h + 1− qn + qn

acq

n<nmax

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ γ + n − k( )ξ⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ In ,k +

            + qn−1
acqγI n−1,k n>k

+ n − k +1( )ξIn ,k−1 k>0

d
dt I n ,k

+ = pn ,k
+ λn ,kS

+ + π n ,k
+ Ln ,k

+ +ε+ pn ,k
+ λn ,kL

+ − µT
+ + h+ + 1− qn + qn

acq

n<nmax

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ γ + + n − k( )ξ⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ In ,k

+ +

            + qn−1
acqγ +In−1,k

+

n>k
+ n − k +1( )ξIn ,k−1

+

k>0

λn ,k ≡ β
+In ,k

+ + βI n ,k

λh ≡ β h S+ + L+ + I +( ) + λboost
h

 (S3) 

The parameters 

€ 

µ , 

€ 

µ+ , 

€ 

µT , and 

€ 

µT
+  are the natural, HIV-induced, TB-induced, and HIV/TB-induced death 

rates; 

€ 

pn ,k  and 

€ 

pn ,k
+  are the probabilities for fast progression to TB disease after infection with strain (n,k); 

€ 

π n ,k , and 

€ 

π n ,k
+  are the rates of endogenous reactivation to TB disease from latent infected with strain (n,k); 

€ 

ε  and 

€ 

ε+  are the susceptibilities to reinfection with M. tuberculosis; 

€ 

h  and 

€ 

h+  are the rates to self-cure 
from TB disease; 

€ 

ξ  is the rate of fitness compensation; 

€ 

z  is the initial fraction of those who are at risk of 
infection with HIV. The parameters 

€ 

γ  and 

€ 

γ +  are the rates of detection/treatment initiation for individuals 
with active TB disease; 

€ 

qn  is the probability of failing treatment or relapsing after treatment; 

€ 

qn
acq  is the 

probability of amplifying resistance if treated. The vertical lines in some terms indicate the condition in 
which the term is included. 
 

€ 

λn ,k  is the infection force for each M. tuberculosis strain (n,k) and 

€ 

λh  is the infection force for HIV: 

 

€ 

λn ,k = β +In ,k
+ + βI n ,k

λh = β h S+ + Ln ,k
+ + In ,k

+( )
n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ +δλh

 , (S4) 

where 

€ 

β  and 

€ 

β +  are the TB transmission coefficients, 

€ 

β h  is the HIV transmission coefficient, and 

€ 

δλh  is a 
short-term perturbation of the force of infection, used to introduce HIV into a population. 
The descriptions and assumed values of the parameters 

€ 

µ , 

€ 

µ+ , 

€ 

µT , 

€ 

µT
+ , 

€ 

ε , 

€ 

ε+ , 

€ 

h , 

€ 

h+ , 

€ 

ξ , 

€ 

z , 

€ 

β , 

€ 

β + , and 

€ 

β h  
are summarized in Table S1. 
The parameters 

€ 

pn ,k , 

€ 

pn ,k
+ , 

€ 

π n ,k , 

€ 

π n ,k
+ , 

€ 

γ , 

€ 

γ + , 

€ 

qn , 

€ 

qn
acq , and 

€ 

δλh  are more complex as they are either specific to 
each TB strain, or have intrinsic time-dependence, or both. We discuss each of them here. 
 
The total number of ODE in (S3), 

€ 

Neq, depends on the maximal number of resistances allowed for the 
model (nmax) and is equal to: 
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€ 

Neq = 3+ 5
nmax +1( ) nmax + 2( )

2
 . (S5) 

Thus, for nmax = 0/1/2/3/4 the ODE system (S3) contains 8/18/33/53/78 equations; for each figure in the 
main text the value of nmax is set to the maximal number of resistances among the strains shown on the 
figure. 

Risks of TB disease after infection. In the model, both the probability of fast progression to TB and the 
rate of endogenous reactivation are functions of strain fitness 

€ 

fn ,k  that depends on the costs of drug 
resistance conferring mutations (

€ 

Δf ) and the restoration effects of compensatory mutations (

€ 

Δf c ). In the 
model we assume the costs and compensations have a multiplicative effect on capacity for bacterial 
propagation: 

 

€ 

fn ,k = exp −nΔf + kΔf c( ). (S6) 

Specifically for the values of 

€ 

Δf = 0.07  and 

€ 

Δf c = 0.06  assumed in Table S1, the expression in the right part 
of (S6) reduces fitness by a factor of 1.073 with every resistance-conferring mutation and increases the 
fitness by a smaller factor of 1.062 with every compensatory mutation. 
 
In order to cause disease, the M. tuberculosis strain must overwhelm a host’s defensive ability, 
represented in the model by fitness thresholds 

€ 

f thr  and 

€ 

f thr
+ . We assume that the overall risk of disease due 

to a strain is proportional to the excess fitness over this threshold; as such, in the model, we calculate the 
probability of fast progression and rate of reactivation from latency as being proportional to this 
difference: 

 

€ 

pn ,k

p
=
π n ,k

π
=
fn ,k − f thr
1− f thr

;      pn ,k , π n ,k = 0  if  fn ,k < f thr

pn ,k
+

p+
=
π n ,k

+

π +
=
fn ,k − f thr

+

1− f thr
+

;      pn ,k
+ , π n ,k

+ = 0  if  fn ,k < f thr
+

 , (S7) 

where 

€ 

p , 

€ 

p+ , 

€ 

π , and 

€ 

π + are the corresponding parameters for DS strain: 

€ 

f0,0 = 1. The overall probability to 
develop TB disease after infection (determined by (S7)) is sensitive to both the fitness of the M. 
tuberculosis strain and HIV status of the host, as demonstrated by Figure S1. 
The descriptions and assumed values of the parameters 

€ 

p , 

€ 

p+ , 

€ 

π , 

€ 

π +, 

€ 

Δf , 

€ 

Δf c , 

€ 

f thr , and 

€ 

f thr
+  are presented 

in Table S1. 

TB case detection and treatment. The parameters 

€ 

γ  and 

€ 

γ +  are the rates for the individuals with TB 
disease to be found and treated. Under the strong assumption of equal probability of finding active TB 
disease for HIV-positive and HIV-negative individuals, these rates are linked to the probability of case-
detection (

€ 

0 < cF < 1) as follows: 

 

€ 

γ
µT + h

=
γ +

µT
+ + h+

=
cF
1− cF

 . (S8) 

The effects of varying this assumption of equal probability of TB case detection for those with and 
without HIV are shown Figure 7c of the main text. 
The proportion of active TB cases detected (

€ 

cF ) has significantly improved over the last two decades. We 
introduce it as a time-dependent parameter, which we estimated by log regression and fit to data from 
Swaziland [22] (shown on the figure S2a): 

 

€ 

cF t( ) ≈ 1
1+ Exp 0.548− 0.009 t − 2000( )( )

 . (S9) 
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In order to vary the case detection rate in the sensitivity analysis, we implemented a scaling parameter 

€ 

ζ detect  (described in Table S1) into (S8) as follows: 

 

€ 

γ
µT + h

=
γ +

µT
+ + h+

= ζ detect cF
1− cF

 . (S10) 

Risk of TB treatment failure. The parameter 

€ 

qn  represents the probability of failing treatment for TB (or 
experiencing relapse after treatment). In the model, we assume that this probability of failure decreased 
over several decades as new TB drugs were introduced and better treatment programs were initiated (i.e. 
DOTS) and increases as a function of the number of drugs to which the infecting M. tuberculosis strain is 
resistant (n). We estimate 

€ 

qn  as a function of the average treatment success probability 

€ 

TS  as follows: 

 

€ 

qn = 1−TS
1− Fn
1− F0

 , (S11) 

where 

€ 

Fn  is the probability of failure (or relapse) after standardized treatment regimen for a bacterial type 
with n resistances at the beginning of treatment. We estimate 

€ 

Fn  by a linear regression of the data [79] for 
the overall probability of treatment failure and relapse after treatment (shown on the figure S2b): 

 

€ 

Fn ≈ζ
fail 6.9 +12.7 n

100
 . (S12) 

Here 

€ 

ζ fail  is a scaling parameter used in the sensitivity analysis (described in Table S1). 
We estimate the time-varying probability of treatment success 

€ 

TS  by a double-log regression of the data 
from [22] (shown on the figure S2a): 

 

€ 

TS t( ) ≈ 1− F0

1+
1

ζ success Exp 0.614 −
1.609

1+ Exp 2005− t( ) 2( )
⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ 

 . (S13) 

Here 

€ 

ζ success is a scaling parameter for the sensitivity analysis (described in Table S1). 

Amplification of drug resistance during treatment for TB. The parameter 

€ 

qn
acq  represents the 

probability of acquiring resistance per treatment course. We assume that this parameter is proportional to 
the probability of either treatment failing or the individual relapsing after treatment: 

 

€ 

qn
acq

qn
≈

η

1+ Exp startyearn − t( ) 2( )
 . (S14) 

Here 

€ 

η is the probability of acquiring resistance to an additional drug after the failure of treatment 
(described in Table 1S). 
The time dependence in (S14) reflects an assumption that TB disease dominated by strains resistant to a 
particular anti-TB drug will not happen before the drug has been introduced. While this does not 
accurately model the actual dates on which the drugs became available and entered combined treatment 
regimens, for simplicity we assumed that one new drug entered the treatment regimen at the beginning of 
each of the following decades: 
 

€ 

startyear = {1960,  1970,  1980,  1990,...}  . (S15) 
Due to relatively low case detection/treatment rates, as well as low prevalence of HIV, in the years prior 
to 1980, the subsequent model predictions do not depend strongly on this assumption of how and when 
the drugs were introduced. 
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Initiation of HIV epidemics. We simulate the initial emergence of HIV by applying a short-term 
perturbation to the force of infection of HIV 

€ 

λh  (see equation S6) in the following form: 

 

€ 

δλh =
δλ peak

h  t −1960
20

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2

Exp 2− t −1960
10

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ;  t > 1960

0;   t ≤ 1960

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

 . (S16) 

The scaling parameter of the perturbation (

€ 

δλ peak
h ) is used in the model to regulate the timing of HIV 

emergence. We adjusted this parameter in order to fit the time-dependencies of TB and HIV to the data 
from Swaziland [22]: 
 

€ 

δλ peak
h = 0.0000139 years . (S17) 

We have tested the model over the various forms of (S16) and found that if the timing of HIV epidemics 
peak is preserved, then all the time-trajectories, shown in main text, remain unchanged. 

Fitting the model to Swaziland data. A least square method is used to fit the model to the data from 
Swaziland [22]. A reasonably good fit for the time-trends of TB incidence and HIV prevalence, shown in 
the main text (Figure 3a), is obtained by a variation of only three model parameters: the transmission 
coefficient of TB (

€ 

β ), regulating the reproductive number of TB infection; the transmission coefficient of 
HIV (

€ 

β h), regulating the reproductive number of HIV infection, and the parameter of initiation of HIV 
epidemics (

€ 

δλ peak
h ), regulating the timing of the HIV peak. 

Additionally, we modified the fitness cost of drug resistance (

€ 

Δf ) and the chance of drug resistance 
amplification after treatment failure (

€ 

η) to allow the model to represent the current values of the 
frequency of MDRTB among new (7.7%) and retreatment (34%) cases of TB in Swaziland [22]. 

Social mixing. The main results presented in the text assume homogeneous mixing. In some settings 
individuals of like HIV status are more likely to be in contact with each other than would be expected by 
chance; this might reflect social preferences or concentration of individuals in nosocomial settings. We 
introduce the effect of inhomogeneous mixing into the equation system (S3) using the following 
simplifications for a structure of individual contacts providing the TB transmission: 
1. The average number of respiratory contacts for a given individual does not depend on HIV status of 
individual. 
2. The duration of average contact between the two individuals (

€ 

Δt contact) is short, compared to 
characteristic times of TB natural history; the loose ends from broken connections are being immediately 
reconnected on a random basis. 
3. The HIV-assortative contacts are being broken with different regularity than disassortative ones 
(

€ 

Δtsame
contact ≠ Δtopposite

contact ). This allows to intensify the transmission between those of like HIV status without 
altering the total number of transmission events. 
The mixing parameter (χ) is introduced as a ratio of the durations of assortative and disassortative 
contacts: 
 

€ 

χ = Δtsame
contact Δtopposite

contact  . (S18) 

If χ>1, the individuals tend to attract the people with the same HIV status (assortative mixing), whereas if 
χ<1 – the opposite is the case (disassortative mixing). In the presence of inhomogeneous mixing (

€ 

χ ≠ 1), 
the exposure to TB infection by strain (n,k) is different for HIV-negative and HIV-positive individuals 
and cannot be described by a single infectious force 

€ 

λn ,k  (S4). Instead we have two different infectious 
forces (

€ 

λn ,k
−  and 

€ 

λn ,k
+ ) for the individuals of different HIV status: 
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€ 

λn ,k
− = m00βI n ,k +m01β

+In ,k
+

λn ,k
+ = m10βI n ,k +m11β

+In ,k
+

 . (S19) 

Here the mixing matrix m is: 

 

€ 

m =

2 1+Ω( ) χ2

1+Ω 2 χ2−1( )+ 1−Ω( )2+4Ωχ2
2 1+Ω( )

1+Ω+ 1−Ω( )2+4Ωχ2

2 1+Ω( )
1+Ω+ 1−Ω( )2+4Ωχ2

2 1+Ω( ) χ2

Ω+2χ2−1+ 1−Ω( )2+4Ωχ2

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
 , (S20) 

where 

€ 

Ω is the ratio of HIV+ and HIV- prevalences: 

 

€ 

Ω =
S+ + L+ + I +

S + L + I
 . (S21) 

The coefficients of matrix m represent how much the mixing increase (or decrease) the risk of 
transmission of TB between the two random individuals with given HIV status (0 – for HIV-negative; 1 – 
for HIV-positive). 
In the limit of homogeneous mixing (

€ 

χ → 1), the coefficients of matrix m approach unity and the 
expressions for the both forces of infection transform to the one in (S4): 

 

€ 

m =
1 1
1 1
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

λn ,k
− = λn ,k

+ = βIn ,k + β +In ,k
+

 . (S22) 

If a weak mixing is allowed (

€ 

χ −1 << 1), the equations (S19-S20) can be simplified as: 

 

€ 

m ≈

1+
Ω2

1+Ω( )2
χ −1( ) 1− Ω

1+Ω( )2
χ −1( )

1− Ω

1+Ω( )2
χ −1( ) 1+

1
1+Ω( )2

χ −1( )

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 

λn ,k
− ≈ λn ,k − χ −1( ) Ω

1+Ω( )2
β +In ,k

+ −ΩβIn ,k( )

λn ,k
+ ≈ λn ,k + χ −1( ) 1

1+Ω( )2
β +In ,k

+ −ΩβIn ,k( )

 . (S23) 

According to (S23), the reduction in infection force for individuals of one HIV-status is always 
compensated by increased infection force for the individuals of the other HIV-status. Assuming that the 
relative impact of HIV-positive individuals to the TB infectious force is usually higher (because of the 
known boost that HIV provides to TB prevalence): 

 

€ 

β +In ,k
+

S+ + L+ + I +
>

βIn ,k
S + L + I

 , (S24) 

and therefore: 
 

€ 

β +In ,k
+ −ΩβIn ,k > 0 , (S25) 

the assortative mixing (

€ 

χ > 1) in (S23) reduces the exposure to TB for HIV-negative individuals (

€ 

λn ,k
− < λn ,k

) and increases it for HIV-positive ones (

€ 

λn ,k
+ > λn ,k ). 

In a limit of strong assortative mixing (

€ 

χ →∞), the individual has respiratory contacts only with hosts of 
the same HIV status: 
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€ 

m =
1+Ω 0
0 1+

1
Ω

⎛ 

⎝ 
⎜ 
⎜ 

⎞ 

⎠ 
⎟ 
⎟ 

λn ,k
− = 1+Ω( )βI n ,k

λn ,k
+ = 1+

1
Ω

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ β +In ,k

+

 , (S26) 

and the spread of M. tuberculosis occurs independently in HIV-positive and HIV-negative groups. 

The full system of differential equations (S3) can be rewritten for the case of mixing as: 

 

€ 

d
dt S = µ − µ + λn ,k

−

n ,k
∑ + vSλ

h
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ S

d
dt vS = z − vS( ) µ S − vS 1− vS( )λh

d
dt S

+ = vSλ
hS − µ+ + λn ,k

+

n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ S+

d
dt Ln ,k = 1− pn ,k( )λn ,k

− S + h + 1− qn( )γ( )In ,k − µ + π n ,k +ε pn ,kλn ,k
−

n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ Ln ,k

d
dt vn ,k = 1− pn ,k( ) vS − vn ,k( )λn ,k

− S Ln ,k − vn ,k 1− vn ,k( )λh

d
dt Ln ,k

+ = vn ,kλ
hL + 1− p f

+( )λn ,k
+ S+ + h+ + 1− qn( )γ +( )In ,k

+ − µ+ + π n ,k
+ +ε+ pn ,k

+ λn ,k
+

n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ Ln ,k

+

d
dt I n ,k = pn ,kλn ,k

− S + π n ,kLn ,k +εpn ,kλn ,k
− L − µT + h + 1− qn + qn

acq

n<nmax

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ γ + n − k( )ξ⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ In ,k +

            + qn−1
acqγI n−1,k n>k

+ n − k +1( )ξIn ,k−1 k>0

d
dt I n ,k

+ = pn ,k
+ λn ,k

+ S+ + π n ,k
+ Ln ,k

+ +ε+ pn ,k
+ λn ,k

+ L+ − µT
+ + h+ + 1− qn + qn

acq

n<nmax

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ γ + + n − k( )ξ⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ In ,k

+ +

            + qn−1
acqγ +In−1,k

+

n>k
+ n − k +1( )ξIn ,k−1

+

k>0

λh = β h S+ + Ln ,k
+ + In ,k

+( )
n ,k
∑

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ + λboost

h

 (S27) 

The solution of ODE system (S27) for 

€ 

χ = 2 is shown on figure 7b in the main text. 

Initial conditions and model simulation. We first allow the system to equilibrate in the absence of HIV; 
this yields an endemic incidence level of TB of approximately 200/100,000 persons per year. We then 
introduce TB treatment and HIV coinfection as described above. The code is written for Mathematica 8 
[80]. 

Sensitivity and uncertainty analysis. Following [21], we used Latin Hypercube Sampling (LHS) to 
generate a total of 3000 parameter sets. Distributions and ranges for parameters sampled are listed in 
Table S1. Figure S3a demonstrates that the time-trajectory of individual level association (PR) between 
HIV and MDR-TB is robust against the variation of the basic model parameter set. This is illustrated by a 
tornado diagram on figure S3b, showing that the variation of even the most influential parameters within 
their uncertainty ranges cannot alter the average rate at which the association increases by more than 10% 
of its value. 
 
Trends of Partial Rank Correlation Coefficients (PRCCs) depicted in Figure S4 demonstrate which 
parameters the absolute value of PR is most sensitive to over time. As it is partially shown by the figure 
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7a of the main text, this association is most sensitive to the parameters relating to fitness of strains and 
fitness thresholds of hosts (

€ 

Δf c , 

€ 

f thr , and 

€ 

f thr
+ ). Nevertheless, as it is shown by figure S3, the absolute 

impact of even these parameters on the time-trajectory of association is small. 

Modeling of the alternative scenario of the failure of the measurements for TB control. The 
predictions, generated within the base scenario of our model, for the future trends of TB incidence in total 
and MDR burden in particular, may appear too optimistic for some settings of Sub-Saharan Africa. 
Indeed, a persistent improvement of the measures for tuberculosis detection and treatment, while 
preserving the situation in other respects, cannot result in anything but a stable decline of TB rates over 
the time. Moreover, a decline of MDRTB burden specifically is predicted to be even more pronounced 
because of a) decreased acquisition (due to improvement of treatment success) and b) impaired 
transmission (as we have, in this model assumed MDRTB to be associated with fitness costs which may 
in reality not be true).  
 
However, a stable decline in TB incidence rates (as was seen in much of Europe and North America) may 
not be replicated in Sub-Saharan Africa settings. This may be caused by either failure in improvement of 
anti-TB measures, or appearance of the other factors promoting the spread of TB, or both. In order to 
verify whether the conclusions we made about the individual level association between MDRTB and HIV 
remain applicable even in this case, we performed additional simulations (figure S5), which differ from 
the baseline simulations in two ways: 
1. We assume that both the case-finding and treatment success probability do not improve and remain low 
(compare it with the expressions in S9 and S13): 

 

€ 

cF t( ) = 0.3

TS t( ) = 0.3 1− F0( )
 . (S28) 

2. We assume that internal vulnerability of the population to TB infection is slowly increasing with the 
time, due to demographic growth or urbanization. In a simplest form, this can be introduced to the 
equation system S3 by modification of the first equation of the system: 

 

€ 

d
dt S = µ α t( ) − µ + λn ,k

n ,k
∑ + vSλ

h
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ S  , (S29) 

where 

€ 

α t( ) represents an increased influx to the Susceptible class due to increase in birth rates or 
relocation of the people from country to cities, either of which may increase spread of TB. For simulation, 
shown on the figure, we assumed the dependence: 

 

€ 

α t( ) = 1+
2Exp t − 2020

20
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2+ Exp t − 2020
20

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
 (S30) 

that provides a small increase starting in 1980-s, reaching approximately 1.2%/year currently, and 
reaching a threefold saturation in the future. 
The two panels on the figure S5 reproduce the figures 3b and 4a from the main text, but generated with 
assumptions S28-S30. The population growth together with perpetuation of sub-optimal treatment results 
in an increase in the incidence of all the TB strains (figure 5a). Nevertheless, while the relative 
frequencies of MDRTB are monotonically increasing (figure 5b, black lines), the individual level 
association between MDRTB and HIV is very similar to the base-scenario trend presented in the main 
text of the paper (thick vs thin gray lines on the panel). 
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Combination of the effects may explain high values of PR: As we have shown by sensitivity analysis 
above (Figures 6 and S4), only a limited range of the MDRTB prevalence ratio values (0.5< PR <1.5) can 
be explained by the differences in natural histories of TB infection between HIV-positive and HIV-
negative individuals, such are the differences in progression rates, immune response strength, and 
duration of the disease. A new study from Swaziland [20] finds the value of the prevalence ratio to be 
PR≈2 in 2010, both for acquired and transmitted MDRTB strains. Figure S6 shows that our model can 
reproduce the value of PR=2 in 2010 (upper panel) by simultaneous present of multiple mechanisms. 
Here, as an example, we a) set a higher level of “fitness threshold” for HIV-negative individuals that 
reduces the vulnerability of immunocompetent individuals to low-fit MDRTB strains and b) set a higher 
level of case-finding for HIV-positive individuals with TB disease, both effects combine to produce an 
increased PR over our baseline model which only considers these mechanism in isolation. 
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 Figure S1. Fitness costs for the strains 
Fitness-dependent reduction in the 
probability of fast progression and the 
rates of endogenous reactivation (equation 
S7). The coefficient for the DS strain is 
set to 1 as the referent category. The x-
axis shows the strains arranged according 
to the number of drug resistant mutations 
(n) and compensatory events (k). Green 
bars represent relative probabilities for 
strains to cause TB in HIV-seronegative 
hosts and the red bars represent the same 
probabilities for HIV-seropositive hosts. 

Figure S3. Uncertainty analysis 
Uncertainty analysis for the individual-level association 
(PR) between MDRTB and HIV MDRTB: a) The 
multivariate uncertainties in association time-trend (this 
panel is also shown as figure 6a in the main text). The 
mean value is shown by the dotted line; the standard 
deviation is shown by bars. b) A tornado diagram of 
univariate effects of the model parameter uncertainties 
on average time-derivative of MDRTB prevalence ratio 
for the years 1980-2040. 

Figure S2. Assumed patterns for case-finding, 
treatment success and failure chance 
a) Time-varying treatment success (blue, see also 
equation S13) and case-finding (green, equation S9) 
adopted for the model. The dots represent the data from 
[22]. 
b) Assumed relationship between baseline number of 
drugs to which the infecting M. tb. strain is resistant and 
probability of failure or immediate relapse from 
standardized 4-drug treatment regimen. The horizontal 
axis shows the initial number of drugs the bacteria is 
resistant to at the beginning of treatment (see equation 
S12). The dots represent the data from [79] for a total 
probability of failure and relapse for a patient, harboring 
DS, DR, or MDR TB strains. 
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Figure S4. Partial rank correlation coefficients 
Multivariable sensitivity analysis. The partial rank correlation coefficients between the ratio of the prevalences (PR) 
of drug-resistance between HIV-seropositive and HIV-seronegative hosts with TB disease and the model parameters. 
Latin hypercube sampling is used for 24 model parameters subjected to variation within assumed ranges (Table S1). 
For better visualization, we split the parameters into 5 groups and represent them by 6 panels: 
a) All parameters. Colors represent related parameters which are disaggregated in other panels. 
b) Parameters related to fitness (purple on the panel a):  (red);  (yellow);  (green); and  (blue). 
c) Parameters related to natural history of TB in HIV-seronegative hosts (green on the panel a):  (red);  (yellow); 

 (green);  (blue);  (brown);  (purple); and  (black). 

d) Parameters related to natural history of TB in HIV-seropositive hosts (red on the panel a):  (red);  (yellow); 
 (green);  (blue);  (brown);  (purple); and  (black). 

e) Parameters related to HIV (blue on the panel a):  (red); and  (yellow). 

f) Parameters related to treatment (black on the panel a):  (red);  (yellow);  (green); and  (blue). 
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Figure S5. Simulation of pessimistic scenario for 
MDRTB control 
Simulation results (compare with figures 3b and 4a 
from the main text) for a growing population 
without improvement in TB treatment over time 
(see equations S28-S30). 
a) Trends of the incidence of drug sensitive, drug 
resistant, and multi-drug resistant in populations 
with epidemic HIV (solid lines) and without HIV 
(thick dashed lines). The trend in the prevalence of 
HIV (which drives the rise in TB incidence shown 
in the solid traces) is shown by the thin dashed line 
b) Projected trends in the percentage of TB 
incidence that is with MDR strains. The trends for 
HIV+ and HIV- individuals within populations 
with epidemic HIV are represented by black 
dashed lines and black solid lines, respectively. 
The trend for individuals in populations unaffected 
by HIV is shown with a thin gray dashed line. The 
gray solid line shows the prevalence ratio of drug-
resistance between HIV-seropositive and HIV-
seronegative hosts (PR right axis) in the population 
with epidemic HIV. A thin gray line represent the 
prevalence ratio for base-scenario model 
(figure 4a) shown for a reference. 

Figure S6. Cumulative effect of the 
mechanisms promoting HIV-MDRTB 
association 
Effect of simultaneous variation of the fitness 
thresholds for those without HIV infection and 
the relative probability of case detection. The 
upper panel indicate the trend in the proportion 
of TB that is MDR and lower panel indicate the 
trend in the individual-level relative risk of 
MDR among HIV-seropositive and HIV-
seronegative hosts with TB. Solid line: fthr = 0.9 
and the probability of case detection is set to be 
twice as high for a HIV-coinfected TB patient 
than a TB patient without HIV; thin dashed line 
shows baseline model simulation for a 
reference. 
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1 A uniform distribution over the shown range has been assigned to each parameter, unless stated otherwise. 
2 The effect of the parameter variation on MDRTB-HIV association. The sign of correlation is shown by either “+” or “-”; the strength of correlation is shown by number of 
signs: 1-non significant effect (⏐PRCC⏐<0.2); 2-moderate (0.5>⏐PRCC⏐≥0.2); 3-significant (⏐PRCC⏐≥0.5)). The two columns represent the time-periods of early (before 
1985) and late (after 2010) HIV epidemics. 

Param. Description Value Sensitivity Analysis 
1Range               2Effect on PR References and Notes 

µ 0.023/year (0.022-0.024) + − 0.023 [35] 

µ
+

 

Non-TB death rates of 
adult hosts 

0.098/year (0.088-0.108) + − 0.044 [81]; 0.116 [82] 

µΤ 0.26/year (0.19-0.33) −−− ++ 
0.35 [83]; 0.3 [84]; 0.3 [85]; 0.3 [86]; 0.43 [87]; 0.35 [88]; 0.2 [89]; 0.51 [90]. The 
first-year estimates are shown. In all the studies the mortality rate drops ~40% after 

the first year. 

µΤ

+
 

TB-specific death rates 
hosts 

0.82/year (0.64-1.00) ++ + 0.47 [81]; 0.88 [83]; 0.75 [91]; 0.79 [92]; 3.7 µΤ [93]; 0.37 [94] 

h 0.2 (0.1-0.3) −−− ++ 
0.2 [89]; From the fraction of survivals after 5+ years: 0.97 µΤ [85]; 0.58 µΤ [87]; 

0.75 µΤ [89]; 0.42 µΤ [90]; 0.77 µΤ [95]; 0.43 µΤ [96] 

h+ 

Rate of self-cure of TB 
individuals 

0 (0.0-0.5) h ++ + The value is set to 0 in calculations, but is varied in sensitivity analysis 

p 0.11 (0.08-0.14) ++ −− 0.11 [62]; 0.055 [63]; 0.13 [81] (our estimation); 0.13 [97]; 0.11 [98] 

p+ 

Probability of fast 
progression to TB  

0.46 (0.25-0.67) +++ − 0.37 [99]; 0.44 [100]; 4.1 p [101] 

ε 0.35 (0.30-0.40) + + 0.59 [62]; 0.377 [63] 

ε
+

 

Susceptibility to TB 
reinfection  

0.75 (0.65-0.85) ++ + 0.75 [35] (assumed) 

π 0.0011/year (0.8-1.4) 10-3 +++ − 3 10-4 [62]; 1.4 10-4 [63]; 3 10-4 [102]; 9 10-4 [103]; 1.5 10-4 [104] 

π
+

 

Rate of endogenous 
reactivation from 
latency  0.04/year (0.03-0.05) −−− + 0.08 [105]; 0.04 [106]; 0.05 [107]; 0.08 [108] 

β 4.9/year 
/person (4.4-5.4) ++ − 

The parameter is used to fit TB incidence trend 
from Swaziland [22]. 

Consistent with: 7.8 [109] (averaged between all the forms of TB) 

β
+

 

TB transmission rate 

0.7 β (0.5-0.9) β + − 1.5 β [101]; 0.59 β [110]; 0.53 β [111]; 0.59 β [112]; 0.43 β [113]; 1.0 β [114] 

β
h

 
HIV transmission 
coefficient 

0.93/year 
/person (0.84-1.02) −− + The parameter is used to fit HIV prevalence trend from Swaziland [22].  

η 
Probability of DR 
acquisition per 
treatment failure 

0.87 (0.78-0.96) −− − 
The parameter is used to fit current MDR frequency 

among retreatment cases in Swaziland [22]; 
0.1÷0.4 [58]; 0.3 [79]; 0.4 [115] 

ξ Rate of fitness 
compensation 0.1/year (0.033-0.300) −−− −−− Assumed. Log-uniform distribution has been assigned for sensitivity analysis 

Δf 
Relative fitness cost 
per drug-resistant 
mutation 

0.07 - ΝΑ ΝΑ 
The value is used to fit current MDR frequency among new cases in Swaziland [22]; 
0.1÷0.4 [74]; excluded from the sensitivity analysis due to inter-dependence with fthr 

and fthr
+ (Eq. S6-S7) 

Δfc 
Relative fitness gain 
per compensation 
event 

0.06 (0.8-1.0) Δf −−− −−− The value may be close to Δf, as some clinical strains show low reduction in fitness 
and ability to compensate initial fitness costs [42,74] 

fthr 0.8 (0.75-0.85) +++ +++ 
The value provides plausible estimation for reduction in transmission of MDR strain 

with low, average and high fitness (Eq. S7): 0.35; 0.62; and 0.90. It is consistent 
with estimation: 0.3 [18]; and assumptions of [24]: 0.3-0.7. 

fthr
+ 

Minimum fitness 
threshold for TB 
disease  

0.6 (0.6-0.9) fthr −−− −−− The threshold is assumed to be lower in immunocompromised hosts 

z 

Fraction of population 
influx that is 
susceptible to HIV 
infection 

0.5 (0.4-0.6) −− ++ [71], calibrated to generate realistic HIV epidemic 

ζdetect TB case detection 
tuning parameter 1 (0.9-1.1) − + 

ζsuccess TB treatment success 
tuning parameter 1 (0.9-1.1) − − 

ζfail 
TB treatment failure 
probability tuning 
parameter 

1 (0.9-1.1) + − 

The parameters are used to test the model sensitivity to estimates of case detection, 
treatment success and failure rate (see figure S2 and equations S10, S12-13).  


